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THE PROBABILITY THAT IDEALS IN A NUMBER RING ARE
k-WISE RELATIVELY r-PRIME
BRIAN D. SITTINGER AND RYAN D. DEMOSS
Abstract. We say that n nonzero ideals of algebraic integers in a fixed number
ring are k-wise relatively r-prime if any k of them are relatively r-prime. In this
article, we provide an exact formula for the probability that n nonzero ideals of
algebraic integers in a fixed number ring are k-wise relatively r-prime.
1. Introduction
A rather intriguing result in number theory is that the probability that two ran-
dom positive integers are relatively prime is 6/π2. More generally, the probability
that n positive integers are relatively prime is 1/ζ(n); see [4] for instance. In 1975,
Benkoski [1] further generalized Lehmer’s work, showing that the probability that n
positive integers are relatively r-prime (that is, these integers have no common rth
power prime factor) is 1/ζ(rn).
Another way to generalize this is to consider pairwise relatively prime integers. In
2002, La´szlo´ To´th [7] established via recursion that the probability that n positive
integers are pairwise relatively prime equals∏
p prime
(
1− 1
p
)n−1(
1 +
n− 1
p
)
.
In 2012, Jerry Hu [2] generalized To´th’s work by finding a formula for the probability
that n positive integers are k-wise relatively prime, concluding that this probability
equals ∏
p prime
k−1∑
j=0
(
n
j
)(
1− 1
p
)n−j 1
pj
.
Subsequently in [8], not only did To´th give a non-recursive proof to Hu’s fact, but he
improved the error term that estimated this probability when the positive integers
are at most x before letting x→∞.
Observing that these results all refer to the set of positive integers, it is natural
to ask if one can we extend these results to other sets with similar properties. In
2010, Sittinger [6] extended the result of Benkoski to ideals of algebraic integers in
a number field using Nymann’s methods of deriving growth estimates. He deduced
the probability that n ideals of algebraic integers from a given algebraic number
ring OK are relatively r-prime is 1/ζK(rn), where ζK denotes the Dedekind zeta
function. In this article, we adapt the method in [8] to provide a generalization of
the results of To´th and Hu to rings of algebraic integers.
2. Statement of the Main Theorem
Let K be an algebraic number field with associated ring of algebraic integers
O. Fixing a positive integer r, we say that the nonzero ideals a1, . . . , an ⊆ O are
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relatively r-prime if there does not exist a prime ideal p ⊆ O such that pr | ai
for each i = 1, 2, . . . , n. Moreover, for any fixed positive integer k ≤ n, we say
that a1, . . . , an are k-wise relatively r-prime if any k of these ideals are relatively
r-prime. Observe that when r = 1, these definitions reduces to nonzero ideals being
relatively prime and k-wise relatively prime, respectively.
We next state the the main result of this article (which is proved in the following
section). To this end, given n nonzero ideals a1, . . . , an ⊆ O, define the characteristic
function
ρn,k,r(a1, . . . , an) =
{
1 if a1, . . . , an are k-wise relatively r-prime,
0 otherwise.
Theorem 2.1. Fix positive integers n, k, r where n ≥ k ≥ 2. Then, there exists a
constant c > 0 such that∑
N(a1),...,N(an)≤x
ρn,k,r(a1, . . . , an) = Pn,k,r · (cx)n +O(Rn,k,r(x)),
where
Pn,k,r =
∏
p
k−1∑
j=0
(
n
j
)(
1− 1
N(pr)
)n−j 1
N(pr)j
,
and
Rn,k,r(x) =
{
xn−ǫ logn−1 x if k = 2 and r = 1,
xn−ǫ otherwise.
Remark: The value of c in Theorem 2.1 comes from the following classic result of
Landau [3] that estimates H(x), the number of ideals in O with norm at most x.
Lemma 2.2. Let [K : Q] = d = s+2t, where s and t respectively denote the number
of real and complex embeddings of K, and let g denote the number of roots of unity
in O. Then, we have
H(x) = cx+O(x1−ǫ),
where c =
2s+tπthR
g
√
|∆| , and ǫ =
2
d+ 1
.
As usual, h, R, and ∆ refer to the class number, regulator, and discriminant of the
number field K, respectively.
As a consequence of this theorem, we readily have the following probability for-
mula that is the desired number ring generalization of the results of To´th and Hu
that were proved exclusively in the context of integers.
Corollary 2.3. Fix positive integers n, k, r where n ≥ k ≥ 2. Then, the probability
that n nonzero ideals of algebraic integers in O are k-wise relatively r-prime equals
Pn,k,r =
∏
p
k−1∑
j=0
(
n
j
)(
1− 1
N(pr)
)n−j 1
N(pr)j
.
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Proof. By Theorem 3 and Lemma 2.2, the desired probability equals
lim
x→∞
∑
N(a1),...,N(an)≤x
ρn,k,r(a1, . . . , an)
H(x)n
= lim
x→∞
Pn,k,r · (cx)n +O(Rn,k,r(x))
(cx+O(x1−ǫ))n
= Pn,k,r.

3. Proof of the Main Theorem
Let n, k, and r be positive integers such that n ≥ k ≥ 2. Given n nonzero ideals
a1, . . . , an ⊆ O, we consider the characteristic function
ρn,k,r(a1, . . . , an) =
{
1 if a1, . . . , an are k-wise relatively r-prime,
0 otherwise.
Observe that ρn,k,r is multiplicative: If gcd(a1 . . . an, b1 . . . bn) = (1), then
ρn,k,r(a1b1, . . . , anbn) = ρn,k,r(a1, . . . , an)ρn,k,r(b1, . . . , bn).
Using the notation a =
∏
p p
νp(a) for the prime ideal factorization of the nonzero
ideal a ⊆ O (where all but finitely many νp(a) equal 0), we deduce that for every
nonzero ideals a1, . . . an ⊆ O:
ρn,k,r(a1, . . . , an) =
∏
p
ρn,k,r(p
νp(a1), . . . , pνp(an)).
Moreover, for every ν1, . . . , νn ≥ 0,
ρn,k,r(p
ν1 , . . . , pνn) =
{
1 if there are at most k − 1 values νi ≥ r,
0 otherwise.
We first state a lemma that gives a convergence result that we repeatedly use. Let
ej(x1, . . . , xn) =
∑
1≤i1<···<ij≤n
xi1 . . . xij
denote the elementary symmetric polynomial in x1, . . . , xn of total degree j.
Lemma 3.1. Fix positive integers n, k, r where n ≥ k ≥ 2, and let s1, . . . , sn ∈ C.
If Re(s1), . . . ,Re(sn) > 1, then∑
a1,...,an
ρn,k,r(a1, . . . , an)
N(a1)s1 . . .N(an)sn
= ζK(s1) . . . ζK(sn)Dn,k,r(s1, . . . , sn),
where
Dn,k,r(s1, . . . , sn) =
∏
p
[
1−
n∑
j=k
(−1)j−k
(
j − 1
k − 1
)
ej
( 1
N(p)rs1
, . . . ,
1
N(p)rsn
)]
,
and Dn,k,r(s1, . . . , sn) is absolutely convergent if and only if Re(si1 + · · · + sij) > 1r
for every 1 ≤ i1 < · · · < ij ≤ n with k ≤ j ≤ n.
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Proof. Since ρn,k,r is a multiplicative function, we expand the given Dirichlet series
into an infinite product:∑
a1,...,an
ρn,k,r(a1, . . . , an)
N(a1)s1 . . .N(an)sn
=
∏
p
∑
ν1,...,νn
ρn,k,r(p
ν1 , . . . , pνn)
N(p)ν1s1+···+νnsn
.
To expand this further, we let T denote a subset of {1, 2, . . . , n}. With this conven-
tion, the last expression can be rewritten as∏
p
[ k−1∑
j=1
∑
|T |=j
∑
vi≥r if i∈T
0≤vi≤r−1 if i/∈T
1
N(p)ν1s1+···+νnsn
]
=
∏
p
[ k−1∑
j=1
∑
|T |=j
∏
i∈T
1
N(p)rsi
(
1− 1
N(p)si
)−1
·
∏
i/∈T
(
1− 1
N(p)rsi
)(
1− 1
N(p)si
)−1]
= ζK(s1) . . . ζK(sn)
∏
p
[ k−1∑
j=1
∑
|T |=j
∏
i∈T
1
N(p)rsi
·
∏
i/∈T
(
1− 1
N(p)rsi
)]
= ζK(s1) . . . ζK(sn)Dn,k,r(s1, . . . , sn).
The last line directly follows from Lemma 3.2 in To´th [8]. The absolute convergence
of the given multivariate Dirichlet series as well as that of Dn,k,r come directly from
standard facts concerning absolute convergence of univariate Dirichlet series. 
Next, we define
ψn,k,r(a1, . . . , an) =
∑
ai=diei
i=1,...,n
ρn,k,r(d1, . . . , dn)µ(e1) . . . µ(en).
By using Mo¨bius inversion, this is equivalent to writing
ρn,k,r(a1, . . . , an) =
∑
di|ai
i=1,...,n
ψn,k,r(d1, . . . , dn).
It is clear that ψn,k,r is symmetric in its arguments. Moreover, since ρn,k,r is mul-
tiplicative, it follows that ψn,k,r is also multiplicative. Hence, it suffices to find the
value of ρn,k,r when its arguments are all powers of the same prime ideal p.
Lemma 3.2. If p be a prime ideal in a number ring O and ν1, . . . , νn are non-
negative integers, then
ψn,k,r(p
ν1 , . . . , pνn) =


1 if all νi = 0,
(−1)j−k+1(j−1k−1) if all νi ∈ {0, r}, and j =∑ni=1 νi ≥ rk,
0 otherwise.
Proof. In order to prove this lemma, we first observe that
ψn,k,r(p
ν1 , . . . , pνn) =
∑
0≤ji≤νi
i=1,...,n
ρn,k,r(p
j1 , . . . , pjn)µ(pν1−j1) . . . µ(pνn−jn).
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First, suppose that one of νi ≥ r + 1; without loss of generality, assume that
ν1 ≥ r + 1. Then, ψn,k,r(pν1 , . . . , pνn) equals
∑
0≤ji≤νi
i=2,...,n
[
ρn,k,r(p
v1−1, pj2 , . . . , pjn)µ(p) + ρn,k,r(p
v1 , pj2 , . . . , pjn)µ((1))
]
µ(pν2−j2) . . . µ(pνn−jn)
=
∑
0≤ji≤νi
i=2,...,n
ρn,k,r(p
v1 , pj2 , . . . , pjn)
[
µ(p) + µ((1))
]
µ(pν2−j2) . . . µ(pνn−jn)
= 0.
Similarly, if one of νi ∈ {1, 2, . . . , r − 1}, then ψn,k,r(pν1 , . . . , pνn) = 0.
Hereafter, we assume that each νi ∈ {0, r}. Since the claim is clearly true if all
νi = 0, assume that there are j ≥ 1 arguments of ψn,k,r for which νi = r; without
loss of generality we consider ψn,k,r(p
r, . . . , pr︸ ︷︷ ︸
j times
, (1), . . . , (1)︸ ︷︷ ︸
n−j times
). Then, we have
ψn,k,r(p
r, . . . , pr︸ ︷︷ ︸
j
, (1), . . . , (1)︸ ︷︷ ︸
n−j
) =
j∑
i=0
(
j
i
)
ρn,k,r(p
r, . . . , pr︸ ︷︷ ︸
i
, (1), . . . , (1)︸ ︷︷ ︸
n−i
)µ(p)j−i.
If j < k, then the Binomial Theorem yields
ψn,k,r(p
r, . . . , pr︸ ︷︷ ︸
j
, (1), . . . , (1)︸ ︷︷ ︸
n−j
) =
j∑
i=0
(−1)j−i
(
j
i
)
= 0.
If j ≥ k, then
ψn,k,r(p
r, . . . , pr︸ ︷︷ ︸
j
, (1), . . . , (1)︸ ︷︷ ︸
n−j
) =
[ k−1∑
i=0
(−1)j−i
(
j
i
)]
+ 0 = (−1)j−k+1
(
j − 1
k − 1
)
.
Note that for the last equality, we used the identity (where 0 ≤ d < n)
d∑
i=0
(−1)i
(
n
i
)
= (−1)d
(
n− 1
d
)
.

Before we finally prove the main theorem of this article, we need to establish the
following combinatorial identity.
Lemma 3.3. Let n and k be positive integers where n ≥ k. Then,
n∑
j=k
(−1)j−k
(
n
j
)(
j − 1
k − 1
)
xj =
n∑
j=k
(
n
j
)
xj(1− x)n−j.
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Proof. By expanding (1 − x)n−j with the Binomial Theorem and collecting like
terms, we obtain
n∑
j=k
(
n
j
)
xj(1− x)n−j =
n∑
j=k
[ j−k∑
l=0
(−1)j−k+l
(
n
k + l
)(
n− k − l
r − j
)]
xj
=
n∑
j=k
[ j−k∑
l=0
(−1)j−k+l
(
n
j
)(
j
k + l
)]
xj .
Therefore, it suffices to prove that for all j = k, . . . , n:
(
j − 1
k − 1
)
=
j−k∑
l=0
(−1)l
(
j
k + l
)
.
This latter identity immediately follows rewriting the series as a telescoping sum via
Pascal’s identity (
j
k + l
)
=
(
j − 1
k + l
)
+
(
j − 1
k + l − 1
)
.

We are now ready to prove the main theorem of this section. For convenience, we
restate it here before proving it.
Theorem 2.1. Fix positive integers n, k, r where n ≥ k ≥ 2. Then, we have∑
N(a1),...,N(an)≤x
ρn,k,r(a1, . . . , an) = Pn,k,r · (cx)n +O(Rn,k,r(x)),
where
Pn,k,r =
∏
p
k−1∑
j=0
(
n
j
)(
1− 1
N(pr)
)n−j 1
N(pr)j
,
and
Rn,k,r(x) =
{
xn−ǫ logn−1 x if k = 2 and r = 1,
xn−ǫ otherwise.
Proof. By Lemma 3.2,
∑
a1,...,an
ψn,k,r(a1, . . . , an)
N(a1)s1 . . .N(an)sn
=
∏
p
∞∑
ν1,...,νn=0
ψn,k,r(p
ν1 , . . . , pνn)
N(p)rν1s1+···+rνnsn
= Dn,k,r(s1, . . . , sn).
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Then by using Lemma 2.2, we find that
∑
N(ai)≤x
i=1,...,n
ρn,k,r(a1, . . . , an) equals
∑
N(di)≤x
i=1,...,n
ψn,k,r(d1, . . . , dn)H
( x
N(d1)
)
. . . H
( x
N(dn)
)
=
∑
N(di)≤x
i=1,...,n
ψn,k,r(d1, . . . , dn)
n∏
j=1
[ cx
N(dj)
+O
(( x
N(dj)
)1−ǫ)]
= (cx)n
∑
N(di)≤x
i=1,...,n
ψn,k,r(d1, . . . , dn)
N(d1) . . .N(dn)
+Qn,k,r(x),
where
Qn,k,r(x)≪
∑
u1,...,un∈{0,1}
at least one ui=0
xu1+···+un · x1−ǫ
∑
N(di)≤x
i=1,...,n
|ψn,k,r(d1, . . . , dn)|
N(d1)u1 . . .N(dn)un
.
First, we estimate Qn,k,r(x). Without loss of generality, fix u1, . . . , un ∈ {0, 1},
where un = 0. Then, letting
A = xu1+···+un · x1−ǫ
∑
N(di)≤x
i=1,...,n
|ψn,k,r(d1, . . . , dn)|
N(d1)u1 . . .N(dn)un
,
we obtain
A ≤ xn−ǫ
∑
N(di)≤x
i=1,...,n
|ψn,k,r(d1, . . . , dn)|
N(d1) . . .N(dn−1)
.
First, we suppose that k ≥ 3. Then since Dn,k,r(1, . . . , 1, 0) is absolutely conver-
gent for k ≥ 3 by Lemma 3.1, we find that A = O(xn−ǫ). Hence, we conclude that
Qn,k,r(x) = O(x
n−ǫ).
Next suppose that k = 2. Then, we have
A ≤ xn−ǫ
∏
N(p)≤x
∞∑
ν1,...,νn=0
|ψn,2,r(pν1 , . . . , pνn)|
N(p)ν1+···+νn−1
= xn−ǫ
∏
N(p)≤x
(
1 +
n− 1
N(pr)
+
c2
N(pr)2
+ · · ·+ cn−1
N(pr)n−1
)
for some positive integers c2, . . . , cn−1. Note that we have exactly N(p
r) in the
denominator if and only if νn = r and exactly one of ν1, . . . , νn−1 equals r with the
rest of them equaling 0; this occurs n− 1 times. Therefore,
A = O
(
xn−ǫ
∏
N(p)≤x
(
1 +
1
N(pr)
)n−1)
.
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If r ≥ 2, this latter product is O(1), and thus A = O(xn−ǫ). If r = 1, we use
Merten’s theorem for number fields [5]∏
N(p)≤x
(
1− 1
N(p)
)−1
= eγαK log x+O(1),
where αK is the residue of ζK(s) at s = 1, and we find that A = O(x
n−ǫ logn−1 x).
Hence, we conclude that
Qn,2,r(x) =
{
O(xn−ǫ logn−1 x) if r = 1,
O(xn−ǫ) if r ≥ 2.
In summary, we have found that
Qn,k,r(x) =
{
O(xn−ǫ logn−1 x) if k = 2 and r = 1,
O(xn−ǫ) otherwise.
Next, we turn our attention to examining the sum∑
N(di)≤x
i=1,...,n
ψn,k,r(d1, . . . , dn)
N(d1) . . .N(dn)
.
We first rewrite this as∑
d1,...,dn
ψn,k,r(d1, . . . , dn)
N(d1) . . .N(dn)
−
∑
I⊆{1,...,n}
I 6=∅
∑
N(di)>x, i∈I
N(dj )≤x, j /∈I
ψn,k,r(d1, . . . , dn)
N(d1) . . .N(dn)
.
The first series is convergent by Lemma 3.1 and equals
Dn,k,r(1, . . . , 1) =
∏
p
(
1−
n∑
j=k
(−1)j−k
(
n
j
)(
j − 1
k − 1
)
1
N(pr)j
)
.
Moreover, this product equals Pn,k,r, and we can see this from rewriting Pn,k,r as
Pn,k,r =
∏
p
[
1−
n∑
j=k
(
n
j
)(
1− 1
N(pr)
)n−j 1
N(pr)j
]
,
and applying Lemma 3.3 with x = 1
N(pr) .
In order to estimate the second series, fix I and assume without loss of gen-
erality that I = {1, 2, . . . , t}. Then, it follows that N(d1), . . . ,N(dt) > x, and
N(dt+1), . . . ,N(dn) ≤ x where t ≥ 1. We estimate the following sum in cases:
B :=
∑
N(di)>x, i=1,...,t
N(dj)≤x, j=t+1,...,n
|ψn,k,r(d1, . . . , dn)|
N(d1) . . .N(dn)
.
First, assume that k ≥ 3. Then, we obtain via Lemma 3.1
B <
1
x
∑
d1,...,dn
|ψn,k,r(d1, . . . , dn)|
N(d2) . . .N(dn)
= O
(1
x
)
.
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Next, suppose that k = 2 and t ≥ 3. By fixing 0 < δ < 12 , Lemma 3.1 yields
B =
∑
N(di)>x, i=1,...,t
N(dj)≤x, j=t+1,...,n
|ψn,2,r(d1, . . . , dn)| N(d1)δ− 12 . . .N(dt)δ− 12
N(d1)
δ+ 1
2 . . .N(dt)
δ+ 1
2N(dt+1) . . .N(dn)
< xt(δ−
1
2
)
∑
d1,...,dn
|ψn,2,r(d1, . . . , dn)|
N(d1)
δ+ 1
2 . . .N(dt)
δ+ 1
2N(dt+1) . . .N(dn)
= O(xt(δ−
1
2
)).
Since t ≥ 3 and 0 < δ < 12 , we see that t(δ − 12) < −1, and we conclude that
B = O( 1x).
Now, suppose that k = 2 and t = 1. Without loss of generality, let N(d1) > x
and N(d2), . . . ,N(dn) ≤ x, and fix a prime ideal p. If p | di for some i = 2, . . . , n,
then N(p) ≤ x. If p | d1 and N(p) > x, then p ∤ di for all i = 2, . . . , n, and thus
ψn,2,r(d1, . . . , dn) = 0. Hence, it suffices to consider the prime ideals with norm at
most x. This implies that
B <
1
x
∑
N(d1)>x
N(dj)≤x, j=2,...,n
|ψn,2,r(d1, . . . , dn)|
N(d2) . . .N(dn)
≤ 1
x
∏
N(p)≤x
∞∑
ν1,...,νn=0
|ψn,2,r(pν1 , . . . , pνn)|
N(p)ν2+···+νn
.
Noting that this resulting series is reminiscent of estimating Qn,2,r(x), we obtain
B =

O
(
logn−1 x
x
)
if r = 1,
O
(
1
x
)
if r ≥ 2.
Finally, suppose that k = 2 and t = 2. We examine the sum B in two parts: B1
which has N(d1) > x
3/2, and B2 which has N(d1) ≤ x3/2. Estimating B1 is fairly
straightforward:
B1 =
∑
N(d1)>x3/2,N(d2)>x
N(dj)≤x, j=3,...,n
1
N(d1)2/3
· |ψn,2,r(d1, . . . , dn)|
N(d1)1/3N(d2) . . .N(dn)
<
1
x
∑
d1,...,dn
|ψn,2,r(d1, . . . , dn)|
N(d1)1/3N(d2) . . .N(dn)
= O
(1
x
)
.
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As for B2, we immediately have
B2 <
1
x
∑
N(d1)≤x3/2,N(d2)>x
N(dj)≤x, j=3,...,n
|ψn,2,r(d1, . . . , dn)|
N(d1)N(d3) . . .N(dn)
.
Consider a prime ideal p. If p | di for some i = 1, 3, . . . , n, then N(p) ≤ x3/2. If p | d2
and N(p) > x3/2, then p ∤ di for all i = 1, 3, . . . , n, and thus ψn,2,r(d1, . . . , dn) = 0.
Hence, it suffices to consider the prime ideals with norm at most x3/2. We obtain
B2 <
1
x
∏
N(p)≤x3/2
∞∑
ν1,...,νn=0
|ψn,2,r(pν1 , . . . , pνn)|
N(p)ν1+···+νn
.
As we have seen previously (as in estimating Qn,2,r(x)), this yields
B2 =


1
xO(log
n−1(x3/2)) = O
(
logn−1 x
x
)
if r = 1,
1
xO(1) = O
(
1
x
)
if r ≥ 2.
In summary,
∑
N(d1),...,N(dn)≤x
ψn,k,r(d1, . . . , dn)
N(d1) . . .N(dn)
= Pn,k,r +
{
O( log
n−1 x
x ) if k = 2 and r = 1,
O( 1x) otherwise.
Consequently, we conclude that∑
N(a1),...,N(an)≤x
ρn,k,r(a1, . . . , an) = Pn,k,r · (cx)n +Rn,k,r(x),
where
Rn,k,r(x) =
{
O(xn−ǫ logn−1 x) if k = 2 and r = 1,
O(xn−ǫ) otherwise.

4. Approximating the Probabilities
Inspired by [7], we now give a way to approximate the infinite products developed
in this article. Observe by the Binomial Theorem that for all k ≤ n, we have
k−1∑
j=0
(
n
j
)(
1− 1
N(pr)
)n−j 1
N(pr)j
< 1.
Hence, we can take negative logarithms (to create a series with positive terms):
− logPn,k,r =
∑
p
log
([ k−1∑
j=0
(
n
j
)(
1− 1
N(pr)
)n−j 1
N(pr)j
]−1)
.
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However, for all k ≥ 2:
k−1∑
j=0
(
n
j
)(
1− 1
N(pr)
)n−j 1
N(pr)j
≥
(
1− 1
N(pr)
)n
+ n
(
1− 1
N(pr)
)n−1 1
N(pr)
=
(
1− 1
N(pr)
)n−1(
1 +
n− 1
N(pr)
)
≥
(
1− n− 1
N(pr)
)(
1 +
n− 1
N(pr)
)
by Bernoulli’s inequality
= 1−
( n− 1
N(pr)
)2
.
Now, let pN denote that N -th rational prime, and let RN denote the error of
− logPn,k,r from truncating the series to summing over all prime ideals with norm
at most equal to pN . Then, by taking N > n− 1 and thus pN > n− 1, we obtain
RN =
∑
N(p)≥pN+1
log
([ k−1∑
j=0
(
n
j
)(
1− 1
N(pr)
)n−j 1
N(pr)j
]−1)
≤
∑
N(p)≥pN+1
log
([
1−
( n− 1
N(pr)
)2]−1)
=
∑
N(p)≥pN+1
log
(
1 +
(n− 1)2
N(pr)2 − (n− 1)2
)
≤
∑
N(p)≥pN+1
(n− 1)2
N(pr)2 − (n− 1)2
≤ d
∞∑
j=N+1
(n− 1)2
p2j − (n− 1)2
.
For the last line, we use the fact that there are at most d = [K : Q] prime ideals
lying above a given rational prime. Next, since pj > 2j for all j ≥ 5, we obtain
RN ≤ d
∞∑
j=N+1
(n− 1)2
(2j)2 − (n− 1)2 .
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Next, we rewrite this as a telescoping sum, obtaining
RN ≤ d(n − 1)
2
∞∑
j=N+1
( 1
2j − (n− 1) −
1
2j + (n− 1)
)
=
d(n − 1)
2
( 1
2N − n+ 3 +
1
2N − n+ 5 + · · ·+
1
2N + n− 1
)
≤ d(n − 1)
2
2(2N − n+ 3) .
Finally, to guarantee t decimal point accuracy to Pn,k,r, we want RN ≤ 10
−t
2
. By
using the work above, we find that N ≥ d(n− 1)
2 · 10t + (n − 3)
2
.
Using Python, we obtain approximate values for probabilities of ordered n-tuples
of ideals from a few algebraic integer rings being pairwise relatively prime, rounded
to the nearest ten-thousandth.
Z Z[
√
2] Z[i] Z[e2πi/3] Z[e2πi/5]
n = 2 0.6079 0.6969 0.6637 0.7781 0.9155
n = 3 0.2867 0.4066 0.3572 0.5151 0.7818
n = 4 0.1149 0.2115 0.1676 0.3035 0.6307
Figure 1. Sample pairwise relatively prime probabilities.
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